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Abstract
Let G be a connected graph of order n with diameter d. Remoteness ρ of G is the
maximum average distance from a vertex to all others and ∂1 ≥ · · · ≥ ∂n are the distance
eigenvalues of G. In [1], Aouchiche and Hansen conjectured that ρ+ ∂3 > 0 when d ≥ 3 and
ρ + ∂⌊ 7d
8
⌋ > 0. In this paper, we confirm these two conjectures. Furthermore, we give lower
bounds on ∂n + ρ and ∂1 − ρ when G ≇ Kn and the extremal graphs are characterized.
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1 Introduction
Throughout this paper we consider simple, undirected and connected graphs. Let G be a graph
with vertex set V (G) = {v1, v2, . . . , vn} and edge set E(G), where |V (G)| = n, |E(G)| = m.
Also let di be the degree of the vertex vi ∈ V (G). For vi, vj ∈ V (G), the distance between
vertices vi and vj is the length of a shortest path connecting them in G, denoted by dG(vi, vj)
or dij . The diameter of a graph is the maximum distance between any two vertices of G. Let
d be the diameter of G. The transmission Tr(vi) (or Di or Di(G)) of vertex vi is defined to be
the sum of distances from vi to all other vertices, that is,
Tr(vi) =
∑
vj∈V (G)
d(vi, vj).
The remoteness of G is denoted by
ρ = max
v∈V
Tr(v)
n− 1 .
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The distance matrix of G, denoted by D(G) or simply by D, is the symmetric real matrix
with (i, j)-entry being dG(vi, vj) (or dij). The distance eigenvalues (resp. distance spectrum)
of G, denoted by
∂1(G) ≥ ∂2(G) ≥ · · · ≥ ∂n(G).
Aouchiche and Hansen [1] posed the following two conjectures which are related to the remoteness
and distance eigenvalues.
Conjecture 1. Let G be a graph on n ≥ 4 vertices with diameter d ≥ 3, remoteness ρ and
distance eigenvalues ∂1 ≥ ∂2 ≥ · · · ≥ ∂n. Then
ρ+ ∂3 > 0.
In this paper, we confirm the conjecture and give the lower bound on ρ+ ∂3 when d is equal
to 2.
Theorem 1.1. Let G be a connected graph of order n ≥ 4 with diameter d, remoteness ρ(G)
and distance eigenvalues ∂1 ≥ · · · ≥ ∂n. Then we have the following statements.
(i) If d = 2, then
ρ(G) + ∂3 ≥
⌈
n
2
⌉− 2
n− 1 − 1
with equality holding if and only if G ∼= Kn1,n2.
(ii) If d ≥ 3, then
ρ(G) + ∂3 > 0.
Conjecture 2. Let G be a connected graph of order n ≥ 4 with diameter d, remoteness ρ and
distance spectrum ∂1 ≥ ∂2 ≥ · · · ≥ ∂n. Then
ρ+ ∂⌊ 7d
8
⌋ > 0.
In the paper, we confirm the conjecture too. In Section 3, we give lower bounds on ∂n + ρ
and ∂1 − ρ when G ≇ Kn and the extremal graphs are characterized.
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2 Proofs
Lemma 2.1. [3] Let G be a connected graph with diameter d. Then
∂n ≥ −d
with equality holding if and only if G is complete multipartite graph.
Lemma 2.2. Let G be a connected graph of order n with diameter d and remoteness ρ. Then
ρ ≥ d
2
.
Proof. Suppose that Pd+1 = v1v2 · · · vd+1 is a diameter path of G. Then for each vertex v ∈
V (G)\V (Pd+1), we have
d(v, v1) + d(v, vd+1) ≥ d.
Therefore,
ρ ≥ max{tr(v1), tr(vd+1)}
≥ tr(v1) + tr(vd+1)
2
≥ 2(1 + · · · + d) + d(n − d− 1)
2
=
d
2
.
This completes the proof.
Now we are ready to give the proof of Theorem 1.1.
Proof of Theorem 1.1. If d ≥ 3, then D(G) contains D(P4) as a principle submatrix. Then
∂3 ≥ λ3(D(P4)) > −1.2.
Then by Lemma 2.2, we have
ρ+ ∂3 ≥ d
2
− 1.2 > 0.
This complete the proof of Theorem 1.1 (ii). So in the following, we may assume that d = 2.
Note that
ρ(K⌈n
2
⌉,⌊n
2
⌋) =
⌈
n
2
⌉− 2
n− 1 + 1.
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Then by Lemma 2.1, we have
ρ(K⌈n
2
⌉,⌊n
2
⌋) + ∂3(K⌈n
2
⌉,⌊n
2
⌋) =
⌈
n
2
⌉− 2
n− 1 − 1.
If G is a tree, then G ∼= K1,n−1. Then by Lemma 2.1, we have
ρ(K1,n−1) + ∂3(K1,n−1) = −2 + 1 + 2(n− 2)
n− 1
>
⌈
n
2
⌉− 2
n− 1 − 1
= ρ(K⌈n
2
⌉,⌊n
2
⌋) + ∂3(K⌈n
2
⌉,⌊n
2
⌋).
Let g be the girth of G. Since d = 2, we only need to consider 3 ≤ g ≤ 5. Note that ∂3(C3) ≥ −1
and ∂3(C5) > −1. Then ∂3(G) ≥ −1 if either g = 3 or g = 5. Then
ρ(G) + ∂3(G) > 0 > ρ(K⌈n
2
⌉,⌊n
2
⌋) + ∂3(K⌈n
2
⌉,⌊n
2
⌋).
If g = 4, then suppose that v1v2v3v4 is a C4 in G. If there exist a vertex v ∈ V (G)\{v1, v2, v3, v4}
such that dC4(v) = 1, then G contains C5 as an induced subgraph since d = 2. Then similar to
the above, we have
ρ(G) + ∂3(G) > ρ(K⌈n
2
⌉,⌊n
2
⌋) + ∂3(K⌈n
2
⌉,⌊n
2
⌋).
Then for each vertex in v ∈ V (G)\{v1, v2, v3, v4}, we have dC4(v) = 2. Then we have G ∼= Kn1,n2 .
Note that ∂3(Kn1,n2) = −2 and
ρ(Kn1,n2) ≥ ρ(K⌈n
2
⌉,⌊n
2
⌋)
with equality holding if and only if either n1 = ⌈n2 ⌉ , n2 = ⌊n2 ⌋ or n1 = ⌊n2 ⌋ , n2 = ⌈n2 ⌉. This
completes the proof of Theorem 1.1 (i). 
Lemma 2.3. [5] Let G be a connected graph of order n. Let ∂1 ≥ · · · ≥ ∂n be the eigenvalues of
D(G) and let λ1 ≥ · · · ≥ λn−1 > λn = 0 be the eigenvalues of L(G). Then
0 > − 2
λ1
≥ ∂2 ≥ − 2
λ2
≥ · · · ≥ − 2
λn−2
≥ ∂n−1 ≥ − 2
λn−1
≥ ∂n.
It is known that λi(Pn) = 2 + 2 cos
ipi
n
for i = 1, . . . , n. Now, we are ready to present the
proof of Conjecture 2.
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Proof of Conjecture 2. We may assume that Pd+1 is a diameter path of G. Then by Lemma
2.3, we have
∂⌊ 7d
8
⌋(G) ≥ ∂⌊ 7d
8
⌋(Pd+1)
≥ − 2
λ⌊ 7d
8
⌋(Pd+1)
= − 2
2 + 2 cos
⌊ 7d
8
⌋pi
d+1
= − 1
2 cos2
⌊ 7d
8
⌋pi
2(d+1)
= − 1
2− 2 sin2 ⌊
7d
8
⌋pi
2(d+1)
Note that sin2
7d
8
pi
2(d+1) ≥ sin2
⌊ 7d
8
⌋pi
2(d+1) . So we only need to show that 1 − sin2
7d
8
pi
2(d+1) >
1
d
, it is
equivalent to show that 1− 1
d
> sin2
7d
8
pi
2(d+1) . Let f(x) = 1− 1x − sin2 7xpi16(x+1) . Then
f ′(x) = 1 +
1
x2
− sin 7xpi
16(x+ 1)
7pi × 16(x+ 1)− 7xpi × 16
[16(x+ 1)]2
> 0,
which implies that f(x) is strictly increase function. Note that
f(11) =
10
11
− sin2 77pi
192
> 0.
Then f(x) > 0 for x ≥ 11. It follows that 1 − 1
d
> sin2
7d
8
pi
2(d+1) for d ≥ 11. Then by Lemma 2.2,
we have
ρ+ ∂⌊ 7d
8
⌋ >
d
2
− 1
2− 2 sin2 ⌊
7d
8
⌋pi
2(d+1)
>
d
2
− d
2
= 0 for d ≥ 11.
d 2 3 4 5 6 7 8 9 10
d
2 1 1.5 2 2.5 3 3.5 4 4.5 5
∂⌊ 7d
8
⌋ 2.73 -0.5858 -0.7639 -1 -1.2862 -1.6199 -2 -1.5053 -1.7831
Table 1. Values of d2 and ∂⌊ 7d
8
⌋ for d = 2, . . . , 10.
For 2 ≤ d ≤ 10, by Table 1, we have d2 > −∂⌊ 7d
8
⌋, which implies that
d
2 + ∂⌊ 7d
8
⌋ > 0. This
completes the proof. 
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3 More results on the remoteness and distance eigenvalues
Lemma 3.1. Let G be a connected graph of order n with diameter d and remoteness ρ. Then
ρ ≤ d− d
2 − d
2(n − 1) .
Proof. Let v be the vertex with maximum transmission of G. Then
tr(v) ≤ 1 + 2 + · · · + d+ d(n− 1− d) = dn− d
2 − d
2(n− 1) .
It follows that
ρ ≤ d− d
2 − d
2(n − 1) .
This completes the proof.
Lin [3] showed that ∂n(G) ≤ −d with equality holding if and only ifG is complete multipartite
graph. Thus we have the following result.
Theorem 3.2. Let G be a connected graph of order n with diameter d and remoteness ρ. Then
ρ+ ∂n ≤ − d
2 − d
2(n − 1)
with equality holding if and only if G ∼= Kn.
Corollary 3.3. [1] Let G be a connected graph of order n with diameter d and remoteness ρ.
Then
ρ+ ∂n ≤ 0
with equality holding if and only if G ∼= Kn.
Indulal [2] gave the following lower bound on the distance spectral radius of G.
Lemma 3.4. [2] Let G be a connected graph of order n with Wiener index W . Then
∂1 ≥ 2W
n
and the equality holds if and only if G is a transmission regular.
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Let G(⌊d+12 ⌋, ⌈d+12 ⌉) denote by the graph obtained from Kn−1−d by joining an endvertex of
P⌊ d+1
2
⌋ and P⌈ d+1
2
⌉ to each vertex of Kn−1−d. Zhang [6] determined that G(⌊d+12 ⌋, ⌈d+12 ⌉) attains
the minimal distance spectral radius among all graphs with given diameter d and order n. Then
we have the following result.
Lemma 3.5. Let G be a connected graph of order n with diameter d ≥ 3. Then
∂1 > n− 2 + d.
Proof. Note that G(⌊d+12 ⌋, ⌈d+12 ⌉) attains the minimal distance spectral radius among all graphs
with given diameter d and order n. Then we only need to show that ∂1(G(⌊d+12 ⌋, ⌈d+12 ⌉)) >
n− 2 + d when d ≥ 3. By a simple calculation, we have
W =


(
d+2
3
)
+
(
n−d−1
2
)
+ d
2+2d
4 (n− d− 1), n is even,
(
d+2
3
)
+
(
n−d−1
2
)
+ d
2+2d+5
4 (n− d− 1), n is odd.
By Lemma 3.4 and G is not transmission regular, we only need to show that 2W ≥ n(n−1−d).
For the sake of simplicity, we only give the proof of n is even.
2W =
d(d+ 1)(d + 2)
3
+ (n− d− 1)(n − d− 2) + d
2 + 2d
2
(n− d− 1)
=
d(d+ 1)(d + 2)
3
+ (n− d− 1)(n − d− 2) + d
2 + 2d
2
(n− d− 1)
=
d(d+ 1)(d + 2)
3
+ n2 + (
d2
2
− d− 1)n− d
2
2
(d+ 1)
≥ n(n− 2 + d) since d ≥ 4.
This completes the proof.
Aouchiche and Hansen [1] showed that
∂1 − ρ ≥ n− 2,
with equality holding if and only if G ∼= Kn. In the following, we will give the lower bound on
∂1 − ρ when G ≇ Kn.
Theorem 3.6. Let G ≇ Kn be a connected graph of order n with remoteness ρ. Then
∂1 − ρ ≥ n− 1 +
√
(n − 1)2 + 8
2
− n
n− 1 ,
and the equality holds if and only if G ∼= Kn − e where e is an edge of G.
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Proof. Note that ∂1(Kn − e) − ρ(Kn − e) = n−1+
√
(n−1)2+8
2 − nn−1 . It is easy to see that√
(n− 1)2 + 8 < n− 1 + 4
n−1 . Then
∂1(Kn − e)− ρ(Kn − e) = n− 1 +
√
(n− 1)2 + 8
2
− n
n− 1 < n− 2 +
1
n− 1 .
Let G be a connected graph with diameter d. If d ≥ 3, then by Lemmas 3.1 and 3.5, we have
∂1(G) − ρ(G) ≥ n− 2 + d
2 − d
2(n− 1)
> n− 2 + 1
n− 1
> ∂1(Kn − e)− ρ(Kn − e).
So in the following, we may assume that d = 2. Then
ρ =
δ + 2(n − 1− δ)
n− 1 =
2(n− 1)− δ
n− 1 = 2−
δ
n− 1
and by Lemma 3.1, we have
∂1 ≥ n(n− 1) + 2(n − 1− δ)
n
= n+ 1− 2(1 + δ)
n
.
It follows that
∂1 − ρ ≥ n− 1− 2(1 + δ)
n
+
δ
n− 1
= n− 1− nδ + (n− 1)(2δ + 2)
n(n− 1) .
If δ ≤ n− 3, then we have
∂1 − ρ ≥ n− 2 + 1
n− 1 > ∂1(Kn − e)− ρ(Kn − e).
If δ = n− 2 and note that ∂1(G) > ∂1(G+ e), then ∂1(G)− ρ(G) ≥ ∂1(Kn− e)− ρ(Kn − e) with
equality holding if and only if G ∼= Kn − e. Thus we complete the proof.
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